Let M be a real hypersurface in /"'(C), J be the complex structure and | denote a unit normal vector field on M. We show that M is (an open subset of) a homogeneous hypersurface if and only if M has constant principal curvatures and Jt, is principal. We also obtain a characterization of certain complex submanifolds in a complex projective space. Specifically, /""(C) (totally geodesic), Q", Pl(C) x P"(C). SU{5)/S(U{2) X (7(3)) and SO(10)/t/(5) are the only complex submanifolds whose principal curvatures are constant in the sense that they depend neither on the point of the submanifold nor on the normal vector. 0. Introduction. Many differential geometers have investigated isoparametric hypersurfaces in a sphere (i.e., submanifolds of codimension 1 with constant principal curvatures). In particular, Münzner [6, 7] showed that the number of distinct principal curvatures of isoparametric hypersurfaces in a sphere is 1,2,3,4 or 6. This result is not obtained by classfying all isoparametric hypersursfaces.
At the same time, we get the following result concerning Kahler submanifolds. Theorem 5. Let N be a Kahler submanifold of a complex projective space. Then eigenvalues of the shape operator A^ are constant in the sense that they depend neither on the point x in N nor on the unit normal vector £ ;/ and only if N is congruent to an open subset of one of the following:
P" -» Pm (totally geodesic), Q" -> P" + l (complex quadric)
pi w pn-l _^ p2»-1 SU(5)/S(U(3) X 1/(2)) -» P9, SO(W)/U(5) -» P15.
In the last section, we get some results about noncomplex focal manifolds of homogeneous real hypersurfaces in P"(C).
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1. Preliminaries. First of all, we recall the Fubini-Study metric on the complex projective space P"(C) (or P"). For a more detailed description, see [4] . Let (z, w) = \Z'l^Qzkwk be the natural Hermitian inner product on C + 1. The Euclidean metric ( , ) on C" + 1 is given by (z,w) = Re(z,w). The unit sphere in C" + 1 is the principal fibre bundle over P"(C) with the structure group Sx and the projection map w. The tangent space of S2n+X at a point z is T:S2"+X = { weC + 1|(z,R>) = 0}.
Let
T' = { w>eC" + 1|(z,H>} = (/z,w) = 0}.
The distribution Tz' defines a connection in the principal fibre bundle 52" + 1(P"(C), S1), because TJ is complementary to the subspace {iz} tangent to the fibre through z, and invariant under the S^-action. Then the Fubini-Study metric g of constant holomorphic sectional curvature c is given by g(X, Y) = (c/A)(X*, Y*), where ije TXP"(C), and X*, Y* are respectively their horizontal lifts at a point z with -n(z) = x. In this paper, we set c = A, unless otherwise stated. The complex structure on 7" defined by multiplication by v'-f induces a canonical complex structure on 7°"(C) through it*.
2. Focal sets and tubes in P"(C). In this section, we review results about focal sets and tubes in P"(C), obtained by Cecil and Ryan. Let M be an embedded real «-dimensional C°°-submanifold of P"'(C) with m = (n + p)/2. We denote by NM the normal bundle over M with projection P onto M. For £ e NM, let F(í¡) be the point in P"'(C) reached by transversing a distance |£| along the geodesic in P"'(C) originating at x = P(£) with initial tangent vector £. A point y e P"'(C) is called a focal point of multiplicity v > 0 of (M, x) if y = F(í¡) for some £ and the Jacobian of F has nullity v at £. Let {£,.ip) be an orthonormal basis for the normal space T/-M with ^ = ¿. Let U be a sufficiently small normal coordinate neighborhood of x. Extend £[.¿ to orthonormal normal vector fields on U by parallel translation with respect to the normal connection V x along geodesies through x in M. For any u g U and r/ g Tj1 M, we can write where 0 < p., 0 < |r-| < 1 for all j and Zp-2tj < 1. Note that jti = |r/| and the /, are the direction cosines of tj. The tangent space at this point n in NM can be considered as T"M X span{ 3/9/x, 3/o72,..., a/oï,}.
Cecil and Ryan studied the focal points of M in the case where M is a complex submanifold or J£ is a principal vector of A^. Their result can be stated as follows. Here 7\ denotes the eigenspace corresponding to an eigenvalue X of A(. As in [4] , we assume that 0 < r < m/2. Next, we review the computation of the shape operator of a tube over some special submanifold M of Pm(C). Let BM denote the bundle of unit normal vectors to M. The tube of radius r over M is defined by the map <j>r of BM into P"'(C) given by 4>r(è) = F(r£). For sufficiently small values of r, at least, 4>r determines a real hypersurface of Pm(C). In the special case where M is a real hypersurface, it is customary to consider <¡>r as a map of M into P"'(C). If £ is a local field of unit normals, then <j>r(x) = F(r£,(x)). For values of r such that <pr is an immersion, <¡>rM is called the parallel hypersurface at oriented distance r from M.
Let Ar be the shape operator of the tube <j>r at the point £ g BM. Using the same trivialization of NM as before, we see that T^BM is isomorphic to TXM X span{3/3i2.3/3?,,}. Corollary 2.5 [4] . Let M be a real hypersurface in Pm(C) which lies on a tube of constant radius over a complex submanifold of P"'(C). Let £ be a unit normal vector to M. Then /£ is a principal vector of the shape operator A ¿.
Corollary 2.5 shows that there are many real hypersurfaces with /£ principal and the condition that /£ is principal is natural to a certain extent. Conversely, we show next that with certain restrictions, if /£ is principal, then the real hypersurface must lie on a tube of constant radius over a complex submanifold of P"'(C).
Remark 2.6. Maeda [5] proved that if 7£ is principal, then the corresponding principal curvature p is locally constant. Proposition 2.7 [4] . Let M be a connected, orientable real hypersurface of P "'(C) on which Ji; is a principal vector with corresponding constant principal curvature p = 2 cot 2 r. Suppose the map <j>r has constant rank q. Then q is even and every point xQ G M has a neighborhood U such that §JU is an embedded complex (q/2)-dimensional submanifold of Pm(C). Moreover, if T0 is the foliation defined by integrable distribution T0(x) = (le TXM \(<pr)*X = 0} for each x G U, then the leaf of the foliation Ta through x intersects U in an open subset of a geodesic hypersphere in the totally geodesic pm-^/2\C) orthogonal to Ty(4>rU) at y = <t>r(x). Thus U lies on the tube of radius r over <prU.
3. Real hypersurfaces in a complex projective space. Suppose that M is a real hypersurface in a complex projective space, and that the principal curvatures on M are constant. We begin this section by showing (Theorem 1) that the number of distinct principal curvatures is 2,3 or 5 if Ji; is principal.
Let M2"~x and M2" be (real) hypersurfaces of P"(C) and S2n + X, respectively, such that the following diagram is commutative:
Assume that £ is the unit normal vector field on M such that the tangent vector J£ is principal. Let Ji, e2,...,e2n_x be an orthonormal basis of principal vectors with principal curvatures p, \2,..., \2n-v and ^ De tne vertical vector of the above submersion. Identify vector fields on M and P"(C) with their horizontal lifts, and regard V, /£, e2,..., e2n_x as the lift of the basis /£, e2,..., e2n_x. If A (resp. A) is the shape operator of the immersion M -* P"(C) (resp. M -> S2"+1), then the relation between A and A is given as follows. 
where r is given as the distance from some focal set in S2" + x.
Using the above result, we obtain the following theorem. Homogeneous real hypersurfaces of P"(C) are determined by Takagi [15] . On the other hand, there are several results that characterize homogeneous examples with two or three distinct principal curvatures among real hypersurfaces in P"(C). For example, we have the following two propositions. Proposition 3.3 [4] . Let M be a connected real hypersurface in P"(C) (n ^ 3) with at most two distinct principal curvatures at each point. Then M is an open subset of a geodesic hypersphere.
Proposition
3.4 (due to Cecil-Ryan). Let M be a connected real hypersurface in P"(C), n > 3, on which /£ is principal, which has three distinct principal curvatures at each point. Then M is an open subset of a tube over a totally geodesic Pk(C), 0 < k < m -1, or a tube over a complex quadric Qm~x.
The proof is exactly the same as that of Theorem 4 of [4] . In the case d = 5, we get the following result. This theorem is related to the following theorem about the Kahler submanifold in a complex projective space. Theorem 3. Let N be a connected n-dimensional Kahler submanifold of P"+P(C) such that eigenvalues of A^ are X, -X and 0, where X is constant in the sense that it depends neither on the point x in N nor on the unit normal vector £. Then N is congruent to an open subset of P1 X P""1 with n > 3 or of SU(5)/S(U(3) X U(2)) or SO(10)/U(5). On the other hand, from Remark 3.5, using the notions of §3, we get m = m2, 2p = mi + 2 and 2n = mx + 2m2, so that p + m -n -1=0.
Consequently, N is a parallel Kahler submanifold in P"+P(C). Parallel Kahler submanifolds of a complex projective space have been completely classified by Nakagawa and Takagi [8] as P", Q", Pk X P"-k, SU(n + 2)/S(U(2) X (/(«)) (n > 3), SO(\0)/U(5) and £6/Spin(10) X T\ All principal curvatures of a totally geodesic submanifold are zero, and Q" has two distinct principal curvatures for any normal directions [13] . Moreover, it is known by Ogiue [10] that principal curvatures of Veronese imbedding of the H-dimensional complex projective space of constant holomorphic sectional curvature 2 into P"<" + 3>/2 depends on the normal direction, hence it does not satisfy the conditions of Theorem 3. Consequently, we check the remaining examples. Case 1. Pk X P"~k -> p"k-k2 + l\ In this case, since p = nk -k2, the Gauss equation yields ||a||2 = c\k(n -k). If this submanifold satisfies the conditions of Theorem 3, then ||a||2 = Amp = Amk(n -k), so that m = 2. Moreover, since n = p + m -1 = nk -k2 + 1, we get k = 1 or n -1. Case 2. SU(k + 2)/S(U(k) X U(2)) -» P^2»"1 (k > 3). In this case, n = 2k, p = (k2 -k)/2 and from the Gauss equation and Table 2 Consequently, this submanifold does not satisfy the conditions of Theorem 3. Hence the Kahler focal manifold of a real hypersurface of a complex projective space which satisfies the conditions of Theorem 2 is Px X P"~x or SU(5)/S(U(3) X U(2)) or SO(10)/U(5).
On the other hand, since homogeneous real hypersurfaces in a complex projective space with d = 5 satisfy the assumptions of Theorem 2, their Kahler focal manifolds must be one of the above examples. More precisely, using the Table of [17], we see that the focal manifold of type C is Px X P"~l, the focal manifold of type D is SU(5)/S(U(3) X U(2)) and the focal manifold of type E is Concerning Kahler submanifolds, using a Theorem of Cecil [3] and Theorem 3, we have Theorem 5. Let N be a Kahler submanifold of a complex projective space. Then eigenvalues of the shape operator A^ are constant in the sense that they depend neither on the point x in N nor on the normal vector £ // and only if N is congruent to an open subset of P" (totally geodesic), Q", Px X P"1 or SU(5)/S(U(3) X U(2)) or SO(10)/U(5).
Remark. The above examples are only "normally homogeneous complex submanifolds in P"(C)" [2] . 6 . Characterization of noncomplex focal submanifolds of homogeneous real hypersurfaces in P"(C). Let tt: S2n+X -> P"(C) be the Hopf fibration. Since ir~x(M) is a focal variety of an isoparametric hypersurface in S2"+x [18] , tr~x(M) is a minimal submanifold in S2" + 1 [9] . Hence M is a minimal submanifold in P"(C) [11] . This completes the proof.
M is classified in the chart below. 
